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Abstract
The energy spectrum and the emission rate of particles emitted from excited nucleus due to
both the evaporation and the splashing (emission from a cold vibrating nucleus) are calculated.
We show that the collective motion of the nuclear Fermi liquid is accompanied by direct non-
statistical emission of nucleons via the dynamical distortion of the Fermi surface.
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I. INTRODUCTION
The emission of particles from a collectively excited state of the nucleus as a Fermi liquid
drop can occur in two ways. First, due to the relaxation processes the collective energy
is transferred to the intrinsic degrees of freedom with subsequent evaporation of particles.
On the other hand, a direct non-statistical emission (splashing) of nucleons is also possible
via the dynamical distortion of the Fermi surface accompanying the collective motion. In
general the relative contributions of these mechanisms depend upon the magnitude of the
nuclear friction coefficient. In this work, the limiting cases of the direct (non-statistical)
particle emission from the non-damped giant multipole resonance (GMR) and the particle
evaporation from the heated nucleus are compared. The direct particle emission from the
GMR has been extensively studied within pure quantum mechanical approaches (see, e.g.
[1, 2, 3, 4, 5, 6]). We exploit here a semiclassical phase-space theory to study the energy
spectra and the escape width for nucleons directly emitted from a collective state (splash out
effect). Within this approach, the particle emission is describing in a more qualitative way
than in microscopic quantum mechanical models. However an advantage of this approach
is the possibility to take into account the statistical, direct and cascade emissions of the
particles from the heated nucleus which is simultaneously involved in the collective motion.
In particular, this approach can be used to describe both the evaporation of neutrons and
the direct (non-statistical) neutron emission at the nuclear descent from the fission barrier
to the scission point. Below, we will restrict ourselves to the case of particle emission from
the giant monopole resonance. A generalization of our approach to the case of an arbitrary
multipole giant resonances can be done in a straightforward way.
II. EMISSION OF PARTICLES CAUSED BY THE FERMI-SURFACE DISTOR-
TION
For an excited nucleus, the particle emission rate can be calculated from the assumption
that the nucleons localized in a single-particle mean field of depth V0 and described by the
phase-space distribution function f(~r, ~p, t) escape out the nuclear surface if the energy of
their radial motion exceeds V0. The flux density of neutrons emitted from the nuclear surface
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is given by, see also [7],
Jemis(t) = Θ(E)
∫ gs d~q
(2πh¯)3
(~n · ~v) Θ(~n · ~nq) f(~r, ~p, t)
∣∣∣∣∣
surf
, (1)
where Θ(x) is the function which equals unity for x > 0 and is zero otherwise, gs = 2 is
the spin degeneracy factor of the emitted neutron, ~n = ~r/r is the normal to the surface,
~nq = ~q/q = ~p/p = ~np, ~v = ~q/m , m is the particle mass, and E = q
2/2m = p2/2m − V0
is the kinetic energy of the emitted neutrons. We assume that the nucleons are confined in
a spherical well potential with a depth V0 and time-dependent radius R(t). The integrand
in Eq. (1) is taken at r = R(t). In the phase-space approach, the distribution function
f(~r, ~p, t) in Eq. (1) differs from the equilibrium one due to the dynamical distortion of the
Fermi surface. We use the local-equilibrium approximation and assume the following form
for the distribution function in nuclear interior [8]
f(~r, ~p, t) =
1
exp {[(~p−m~u(~r, t))2/2m− µ(t)] /T}+ 1 , (2)
where µ(t) is the chemical potential, T is the temperature and ~u(~r, t) is the velocity field
associated with the collective excitation of the nucleus. At small temperature T such ex-
citation corresponds to the zero sound regime in a Fermi liquid [9, 10] within the scaling
model [11]. The distribution function of Eq. (2) implies the distortion of the Fermi surface
in momentum space of multipolarities l = 0 and l = 1. This is consistent with the scaling
model, where the distortions of the Fermi surface of multipolarities l ≥ 2 are absent due to
the particular choice of the displacement field
→
χ (~r, t) in the following form
→
χ (~r, t) = α(t)
−→∇φ(r), ~u(~r, t) = ∂
∂t
→
χ (~r, t) (3)
with
α(t) = α0 cos(ωt) (4)
and α0 is the (small) amplitude of oscillations. Considering only monopole density vibra-
tions, we put φ(r) = r2. The displacement field of Eq. (3) provides the disappearance of the
highest multipolarities of the Fermi surface distortion with l ≥ 2. Thus, the Fermi surface
preserves the spherical symmetry under the assumption that the displacement field is given
by Eq. (3).
Let us relate the time dependence of the chemical potential µ(t) and the radius R(t) to
the amplitude α(t). Neglecting the change in the total number of particles A during the
emission process (A≫ 1) we have
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A =
∫
g d~r d~p
(2πh¯)3
f(~r, ~p, t) = const, (5)
where g = 4 is the spin-isospin degeneracy factor. Substituting the distribution function
f(~r, ~p, t) from Eq. (2) into Eq. (5) and using the boundary condition on the velocity radial
component
ur|r=R(t) =
∂R(t)
∂t
, (6)
we obtain the approximate relations
R(t) ≈ R
[
1 + 2α(t) + 2α2(t)
]
, µ(t) ≈ µ
[
1− 4α(t) + 8α2(t)
]
. (7)
Here, both the equilibrium values R and µ are temperature dependent
R = R0
[
1 +
π2
24
(
T
ǫF
)2]
, µ = ǫF
[
1− π
2
12
(
T
ǫF
)2]
, (8)
where R0 and ǫF are the corresponding ground state values of the nuclear radius and the
Fermi energy, respectively.
Taking into account that the inequality | m~u(~r, t) |≪ pF is satisfied (see below Fig. 2),
using Eqs. (2) and (3) and keeping the lowest non-zero order of the amplitude α0, the basic
Eq. (1) can be reduced to the following form
Jemis(t) =
m
π2 h¯3
∫ ∞
0
dE E
∫ 1
0
dx
x
exp {[E + η(t)− q(E)sF (t) x]/T}+ 1 . (9)
Here, the following notations are used
sF (t) = 2 α˙(t)R0/vF , η(t) = V0−µ(t) ≈ λ+4ǫFα(t), q(E) = 2
√
ǫF (ǫF + λ+ E), (10)
λ = V0 − ǫF is the neutron separation energy, pF is the Fermi momentum and vF = pF/m.
The energy distribution of the density current of the emitted particles is given from Eq. (9)
by the following expression
dJemis(E, t)
dE
=
m
π2 h¯3
EΘ(E)
∫ 1
0
dx
x
exp {[E + η(t)− q(E)sF (t) x]/T}+ 1 . (11)
We will also consider the spectral density of emission rate d2N/dE dt derived as
d2N
dE dt
= 4 π R2
dJemis(E, t)
dE
. (12)
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The derived quantity (12) should be averaged over time to smear out rapid oscillations, so
the observable spectrum has the form
d2N
dE dt
=
1
(2π/ω)
∫ 2pi/ω
0
dt
d2N
dE dt
. (13)
Here and below the bar means time-averaging.
In the case of particle emission from the vibrating cold nucleus, the expression (11) reads
dJemis(E, t)
dE
=
m
π2 h¯3
E Θ(E)
∫ 1
0
dx xΘ [q(E)sF (t) x− η(t)− E] . (14)
We will consider below the particle emission from the giant monopole resonance. In this
case, the amplitude α0 in Eq. (4) is small enough to satisfy the condition η(t) > 0 (see next
section). That means that the increase of the Fermi-sphere radius due to the oscillations
of the nuclear surface is not sufficient to cause the emission of particles, i.e., the particle
emission appears only because of the dynamic Fermi-surface shift. In this case, Eq. (11)
takes the following explicit form
dJemis(E, t)
dE
=
m
2 π2 h¯3
EΘ(E) Θ[sF (t)] Θ[1− ξ(t, E)]
[
1− ξ2(t, E)
]
, (15)
where
ξ(t, E) =
η(t) + E
sF (t) q(E)
. (16)
Eq. (15) allows us to evaluate the maximal value of the kinetic energy, Emax, of the
emitted particles. The result reads
Emax ≈ −λ + 10
3
E∗
A

1 +
√√√√1 + 3
5
A
ǫF
E∗
+
12
5
A
(kF R0)2
(
ǫF
E∗
)3 , (17)
where kF = pF/h¯ and E
∗ is the energy of the collective excitation.
III. NUMERICAL CALCULATIONS AND DISCUSSION
We will apply Eqs. (11) and (15) to the particle emission from the isoscalar giant
monopole resonance (ISGMR). The eigenfrequency ω of the ISGMR in Eq. (4) can be
found from the classical derivation ω =
√
C/B, where C and B are the stiffness and the
5
mass coefficient, respectively. Both transport coefficients C and B, can be obtained evaluat-
ing the collective potential, Epot, and kinetic, Ekin, energy of the nucleus within the scaling
approximation (3). Using Eq. (3), we obtain
Ekin =
1
2
m
∫
d3r ρeq u
2 ≈ 6
5
AmR20 α˙
2(t) =
1
2
B α˙2(t) (18)
and
B = (12/5)AmR20. (19)
Here, ρeq is the equilibrium particle density.
The collective potential energy Epot is derived as
Epot =
1
2
∫
d3r
(
δ2E
δρ2
)
eq
(δρ)2, (20)
where ǫ is the particle energy density which is related to the static incompressibility K by
K = 9
(
ρ
δ2E
δρ2
)
eq
. (21)
Using the continuity equation, δρ = − →∇ · ρeq
→
χ, we obtain from Eqs. (3) and (20)
Epot ≈ 2KAα2(t) = 1
2
Cα2(t), C = 4KA (22)
and
ω =
√
K
m 〈r2〉 , (23)
where 〈r2〉 = (3/5)R20 is the mean square radius of the nucleus. We point out that in the
case of finite nuclei the incompressibility K is A-dependent.
Using Eqs. (4) and (18), one can evaluate the amplitude α0 of the Fermi-surface oscil-
lations. It can be done using the expression for the collective kinetic energy Ekin of the
monopole vibrations. Averaging Eq. (18) over time within the period of oscillations 2π/ω
and using the virial theorem we find
α20 =
5
3
1
A
1
(kF R0)2
ǫF E
∗
(h¯ω)2
. (24)
In the case of particle emission from the GMR, we put E∗ = h¯ω = EGMR, where EGMR is
the eigenenergy of the ISGMR. In this work we adopt the values of R0 = 1.12 · A1/3 fm,
ǫF = 37 MeV, kF = 1.36 fm
−1, EGMR = 82 · A−1/3MeV and λ = 7 MeV.
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FIG. 1: The spectral density of emission rate h¯d2N/dE dt for splashing of neutrons from the giant
monopole resonance (GMR) in cold nucleus (solid curve) and for particle evaporation from thermal
equilibrated nucleus (dashed curve) versus particle kinetic energy E of emitted neutrons. We have
used the values of GMR energy EGMR = 82 · A−1/3MeV, thermal excitation energy ET = EGMR
and mass number A = 90.
In Fig. 1 the dependence of d2N/dE dt, obtained from Eqs. (14), (12) and (13), on the
kinetic energy of the emitted particle E is shown (solid line) for the nucleus with A = 90
and T = 0. We will compare this result of particle emission from the ISGMR in the cold
nucleus with the one for the evaporation of neutrons from the thermal equilibrated nucleus
with the thermal excitation energy ET = EGMR. For the case of thermal evaporation of
particles, we take µ(t) = λ and ~u(~r, t) = 0 in the distribution function f(~r, ~p, t) of Eq. (2).
Using Eqs. (11) and (12), we obtain, see also Ref. [7],
d2N
dE dt
∣∣∣∣∣
evap
=
(kFR0)
2
π h¯ ǫF
E Θ(E)
1
1 + exp[(E + V 0 − λ)/T ]
. (25)
The dashed curve in Fig. 1 represents the spectral density of evaporation rate (25) from
a heated nucleus with the temperature T =
√
8ET/A. As seen from Fig. 1, the thermal
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FIG. 2: The emission rate dN/dt of neutrons from the giant monopole resonance in cold nu-
cleus with A = 90 (solid line). The dashed line shows the time dependence of the dimensionless
parameter, sF (t), of the Fermi surface distortion, see Eq. (10).
spectrum (dashed line) is much broader than the cold emission spectrum (solid line) and
has its maximum at a larger energy.
Fig. 1 shows that the kinetic energy of the emitted particle from a cold nucleus is much
smaller than the Fermi energy ǫF , so in (16) we can neglect the dependence of q(E) upon
E. Integrating (15) with q(E) = q0 = 2
√
ǫF (ǫF + λ) over energy E, we obtain an analytical
expression for the cold particle emission rate dN/dt as
dN
dt
= 4πR20 Jemis(t)
=
(kFR0)
2
4πh¯ǫF
[sF (t) q0]
2Θ [sF (t)] Θ[1− β(t)]
{
1− 8
3
β(t) + 2 β2(t)− 1
3
β4(t)
}
, (26)
where β(t) = η(t)/q0sF (t). Fig. 2 shows the emission rate dN/dt of Eq. (26) for the interval
of time ∆t ≤ 2π/ω. As seen from Fig. 2 the particle emission from ISGMR occurs as a
short time splashing.
The particle emission rate dN/dt can be used to derive the life time, τcold, with respect
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to the splashing of neutron from the ISGMR. The quantity (26) must be averaged over time
as in (13), resulting in
1
τsplash
=
dN
dt
=
1
(2π/ω)
∫ 2pi/ω
0
dt
dN
dt
. (27)
For the nucleus with A = 90, one obtains from Eqs. (26) and (27) that τsplash = 6.0 · 10−20
s. The analogous quantity for particle evaporation, calculated by means of (25), is τevap =
5.3 · 10−19 s. The calculations of τsplash can be improved if the higher multipolarities of the
Fermi surface distortion, at least the quadrupole, are taken into account, see Appendix.
IV. CONCLUSIONS
By use of phase space approach to the particle emission from the nucleus, we have con-
nected the particle emission rate to the dynamical distortion of the Fermi surface of the cold
vibrating nucleus. The particle emission occurs here as a classical splashing effect from the
vibrating liquid drop. We have shown that cold particle emission (splashing) may result in
the deviation of the observed spectra from the usual statistical ones in the small energy re-
gion, see Fig. 1. In particular, for the cold particle emission, the emission rate, (dN/dt)splash,
(averaged over time) is significantly large then the corresponding value, (dN/dt)evap, for the
particle evaporation (for the ISGMR (dN/dt)splash exceeds (dN/dt)evap by factor about 10).
The general conclusion of this paper is that the collective motion in a finite nuclear Fermi
liquid is accompanied by direct (non-statistical) emission of nucleons via the dynamical
distortion of the Fermi surface. This mechanism of cold particle emission can be also applied
to the large amplitude motion like a descent of the nucleus from the fission barrier to the
scission point or to the first stage of the heavy ion collision.
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APPENDIX A
We will generalize the local-equilibrium approximation of Eq. (2) and assume the follow-
ing non-equilibrium form for the distribution function in nuclear interior at T = 0, see Ref.
[8],
f(~r, ~p, t) = Θ
[
1
2m
p2F (~r, t)−
1
2m
[~p−m~u(~r, t)]2 − ν(~r, ~p, t)
]
, (A1)
where pF (~r, t) is the Fermi momentum and ν(~r, ~p, t) is associated with the distortion of the
Fermi-surface in the momentum space.
To describe the collective excitations with the multipolarity L in the spherical well po-
tential we will consider ν(~r, ~p, t) as a superposition of plane wave to create a state with a
good angular moment L, see also [12, 13]. Namely,
ν(~r, ~p, t) =
∫
dΩk YL0(~nk)F (~np · ~nk) exp[i(~k · ~r − ωt)] + c.c., (A2)
where
F (~np · ~nk) =
∑
l 6=1
ν
(0)
l Yl0(~np · ~nk) (A3)
and νl(t) = ν
(0)
l (e
−i ω t+c.c.) is the amplitude of the Fermi-surface distortion of multipolarity
l in the momentum space. We point out that the condition l 6= 1 in Eq. (A3) is because
the shift of the Fermi surface was already extracted in the distribution function f(~r, ~p, t),
taken in the form of Eq. (A1). We will follow the nuclear fluid dynamic approach, and
take into account the dynamic Fermi-surface distortion up to multipolarity l = 2 in the
expansion of Eq. (A3). In this case, the amplitudes ν0 and ν2 are related to each other as
ν2 =
√
4/5 ν0, see Ref. [14]. Finally, putting YL=0,0 = 1/
√
4π in Eq. (A2), we obtain the
distortion amplitude ν(~r, ~p, t) for monopole mode in the following form
ν(~r, ~p, t) = ν0 [j0(kr)− 2 j2(kr)P2(x)] e−i ω t + c.c., for L = 0, (A4)
where jl(kr) is the spherical Bessel function, Pl(x) is the Legendre polynomial and x = ~n·~np.
The amplitude ν0 is related to the bulk density variation δρ(~r, t). Namely, using Eqs.
(A1) and (A4), one obtains the following expression in the nuclear interior
δρ(~r, t) =
∫
d~p
(2πh¯)3
f(~r, ~p, t)− ρeq(~r) = ν(0)0 N0 j0(kr) e−i ω t + c.c., (r < R, L = 0), (A5)
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where N0 = 2mpF/π
2h¯3 is the density of single particle states on the Fermi-surface. The
velocity field ~u(~r, t) can be evaluated from the continuity equation
∂
∂t
δρ(~r, t) = −~∇ · ρeq ~u(~r, t). (A6)
Using Eqs. (A5) and (A6), one obtains
~u(~r, t) = 2 ν0N0 ω
j1(kr)
ρ0 kr
~r sin(ωt), (L = 0). (A7)
The wave number k in Eqs. (A4), (A5) and (A7) is derived from the boundary condition.
The boundary condition can be taken as a condition for the balance, at the nuclear surface,
between the compressional pressure and the surface tension pressure, see [15, 17]. Taking
into account the consistent change of the compressional pressure due to the Fermi-surface
distortion, the boundary condition reads [17]
zn j0(zn)− (fσ + fµ) j1(zn) = 0. (A8)
Here, z = kR,
fσ =
18 σ
ρ0R0K ′
, fµ =
36µ
K ′
, (A9)
where σ is the surface tension coefficient, K ′ is the dynamic incompressibility given by
K ′ = K +Kµ (A10)
and K is the commonly used static incompressibility
K = R2
δ2E/A
δR2
∣∣∣
R=R0
. (A11)
The additional contribution, Kµ, to the incompressibility K
′ in Eq. (A10) is due to the
dynamic Fermi-surface distortion effect. The quantity Kµ can be evaluated in a general case
of arbitrary multipolarity of the Fermi-surface distortion and is given by [8, 16, 17]
Kµ = 12 ǫF
Ω20(s)
Ω00(s)
with Ωl0(s) =
1
2
∫ 1
−1
dx
xPl(x)P0(x)
x− s , (A12)
where the dimensionless zero-sound velocity s = h¯ω/pFk is found from the Landau’s dis-
persion relation [10, 18]. In the case of an isotropic Landau’s interaction amplitude, i.e.,
F0 6= 0, Fl 6=0 = 0, the dispersion relation reads
Ω00(s) = − 1
F0
. (A13)
11
For realistic nuclear forces, F0 ∼ 0, Eqs. (A12) and (A13) lead to large renormalization of
the incompressibility with Kµ ≈ 2K. The giant monopole resonance (GMR) corresponds to
the lowest solution, z0 > 1, to the secular equation (A8).
Using Eqs. (A1), (A4) and (A7), the flux density Jemis(t) of Eq. (1) can be evaluated
beyond the scaling approximation used in Sect. II.
[1] S. Stringari and D. Vautherin, Phys.Lett. B88 (1979) 1.
[2] A. van der Woude, Prog. Part. Nucl. Phys. 18 (1987) 217.
[3] A. van der Woude, Nucl. Phys. A519 (1990) 17c.
[4] W.T.A. Borghols, S. Brandenburg, J.H. Meier, et al., Nucl. Phys. A504 (1989) 231.
[5] W.T.A. Borghols, S. Brandenburg, J.H. Meier, et al., Nucl. Phys. A515 (1990) 173.
[6] S.E. Muraviev and M.H. Urin, Nucl. Phys. A572 (1994) 267.
[7] W.A. Friedman and W.G. Lynch, Phys.Rev. C28 (1983) 16.
[8] V.M. Kolomietz and S. Shlomo, Phys. Rep. 690 (2004) 133.
[9] D. Pines and P. Nozieres, The Theory of Quantum Liquids, Vol. 1 (Benjamin, New York,
1966).
[10] A.A. Abrikosov and I.M. Khalatnikov, Rep. Prog. Phys. 22 (1959) 329.
[11] O. Bohigas, A.M. Lane and J. Martorell, Phys. Rep. 51 (1979) 267.
[12] B.K. Jennings and A.D. Jackson, Phys. Rep. 66 (1980) 141.
[13] A.G. Magner, V.M. Kolomietz, H. Hofmann and S. Shlomo, Phys. Rev. C51 (1995) 2457.
[14] T. Yukawa and G. Holzwarth, Nucl.Phys. A364 (1981) 29.
[15] A. Bohr and B.R. Mottelson, Nuclear Structure, Vol.2, Ch. 6 (Benjamin, New York, 1975).
[16] V.M. Kolomietz, A.G. Magner and V.A. Plujko, Z. Phys. A345 (1993) 131, 137.
[17] A. Kolomiets, V.M. Kolomietz and S. Shlomo, Phys. Rev. C59 (1999) 3139.
[18] E.M. Lifschitz and L.P. Pitajevsky, Physical Kinetics (Pergamon Press, Oxford, 1981).
12
